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MATHEMATICS 
A NON-ARCHIMEDEAN ANALOGUE OF THE 
TIETZE-URYSOHN EXTENSION THEOREM 1) 
BY 
ROBERT L. ELLIS 
(Communicated by Prof. A. HEYTING at' the meeting of January 28, 1967) 
In this paper an analogue of the Tietze-Urysohn extension theorem 
[1, p. 84] is given. 
Throughout, K is a locally compact field with a proper non-Archimedian 
absolute value. The structure of such fields is well known [2, p. 813], 
but we need only the fact [4] that a field with a proper non-Archimedean 
absolute value is locally compact if and only if it is complete, has a finite 
index (the order of the quotient of the additive group G1 ={A. E K: IA.I.;;;; 1} 
by the additive group G2 ={A. E K: IA.I < 1 }), and has a discrete absolute 
value (i.e., there exists e > 0 such that the range of the absolute value is 
{0} U {en: n is an integer}). 
A topological space E is ultraregular if every point in E has a funda-
mental system of neighborhoods which are both open and closed (here-
after called clopen). A topological space E is ultranormal if disjoint closed 
subsets of E are contained in disjoint clopen subsets of E. Ultraregular 
spaces and ultranormal spaces are zero-dimensional for some dimension 
function [3, p. 9]. 
A subset S of a topological space E is C*-embedded in E with respect 
to K if every bounded continuous function from S into K has a bounded 
continuous extension to E. 
Theorem. Let K be a locally compact field with a proper non-
Archimedean absolute value. 
(1) A topological space E is ultranormal if and only if every closed 
subset of E is C*-embedded in E with respect to K. 
(2) If E is a Hausdorff ultraregular space, then every compact subset 
of E is C*-embedded in E with respect to K. 
Proof. (1} Sufficiency: If A and B are disjoint closed subsets of E, 
then the function f: A u B ~ K equal to 0 on A and 1 on B is continuous. 
Let g be a continuous extension to E. Then 
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are disjoint clopen sets containing A and B, respectively. Therefore, E 
is ultranormal. 
Necessity: Let A be closed in E and f: A -+ K a bounded continuous 
function. We may assume that f takes its values in G1 ={A. E K: IA.I < 1}. 
Let G2 ={A. E K: lA. I< 1 }. Let A.1, A.2, ... , An be a complete set of coset 
representatives of G1 (mod G2). Let 
At={x EA: j(x)eA.i+G2} (1.;;;i.;;;n). 
Since f is continuous and each A.t +G2 is clopen in G1, each At is clopen in 
A and therefore closed in E. Since E is ultranormal, there are mutually 
disjoint clopen sets U., such that At CUi (1 .;;;i.;;;n). Define g1: E-+ G1 by 
( Ai, if X E Ut, 
g1(x) = ) " 
~ 0, if X E/J cUt. 
Since each Ui is clopen, g1 is continuous. Let x E A, and let i be such that 
x EAt. Then f(x) - A.t = g1(x) (mod G2). It follows that lf(x) -g1(x)l < 1 and 
therefore that lf(x)-g!(x)l <1,81, where ,8 is an element of K having the 
largest absolute value less than l. Let h be the restriction of g1 to A. 
Then ,B-l(f-h) is a continuous function from A into G1, and so the above 
argument may be applied to obtain a continuous function g2: E -+ G1 
such that if /2 is g2 restricted to A, then I,B-1(/-h)- /2l <I PI, i.e., If-h-
-,8/21 <1,821. Continuing by induction, one obtains a sequence of con-
tinuous functions Yi: E -+ G1 such that if ft is Yt restricted to A, then 
r 
(1) If- ~,Bt-1/ii'<I,Brl (r=1, 2, ... ). 
i-1 
00 
Since I,Bi-lgtl .;;; I ,Bi-ll, the function g = ~ pt-1 Yt converges uniformly onE 
i-1 
and is therefore continuous on E. By equation (1), g extends f since 
IP'I -+ 0 as r -+ oo. 
(2} Let A be compact in E and f: A -+ G1 a continuous function. Let 
At={xEA:f(x)EA.t+G2} (1.;;;i.;;;n). 
Since E is ultraregular and Hausdorff and A is compact, the disjoint 
compact sets At can be enclosed in disjoint clopen sets. Then f can be 
extended as in ( 1 ). 
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